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ABSTRACT

Based on the normal velocity-normal vorticity (v-7n) formulation for the development of 3D disturbances
in plane-parallel shear flows, the non-linear terms in the governing equations are derived as convolution
integrals of the Fourier-transformed variables. They are grouped in three categories: v-v, v-n and
n-n terms, and are expressed in a simple geometric form using the modulus of the two wave-vectors
(k' and k") appearing in the convolution integrals, and their intervening angle (x ). The non-linear terms
in the v-equation involving 1 are all weighted by sin x (or sin? X )- This confirms the known result that
non-linear regeneration of normal velocity, necessary for a sustained driving of 3D disturbances, is not
possible for stream-wise elongated structures (o = 0), only. It is therefore suggested how transiently
amplified n can interact with decaying 2D waves to activate (oblique) waves which may be less damped
than the 2D wave. This is shown to be possible for Blasius flow. In the n-equation, non-linear effects
are possible for elongated structures resulting in shorter spanwise scales appearing at a shorter time-
scale than the (linear) transient growth. A numerical example shows the details of this process in plane
Poiseuille flow. From an inspection of the y-dependency (wall-normal direction) of the non-linear terms
it is suggested that higher y-derivatives may give rise to non-linear effects in the inviscid development
of perturbations. Also, a result for the y-symmetry of the non-linear terms is derived, applicable to plane

Poiseuille flow.

© 2008 Elsevier Masson SAS. All rights reserved.

1. Introduction

Many recent studies of the stability of plane-parallel (and some
other) shear flows have been concerned with the mechanism
of transient growth. Essentially vortex stretching and tilting, this
mechanism produces largest energy response from initial distur-
bances consisting of longitudinal vortices (see e.g. Butler and Far-
rell [1], for an early reference) the response being streaks elon-
gated in the stream-wise direction. Thus, a motion in the cross-
stream plane is transformed to a motion in the horizontal plane
with the normal velocity perturbation decaying. The mechanism
operates at sub-critical Reynolds numbers and the energy growth
is considerable, in fact so large that it is only exponential growth
on inflexion profiles that can compete (see e.g. Corbett and Bot-
taro [2]). Therefore, it is a prime candidate mechanism to use
in transition studies at sub-critical Reynolds numbers. It is also
thought to be the mechanism for streak formation in near-wall tur-
bulence and in fact, the numerical simulations of Kim and Lim [3]
suggest that the linear forcing in transient growth is necessary for
the maintenance of turbulence, with the proper scales supposedly
set by non-linear processes.
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The importance of transient growth in the laminar-to-turbulence
transition process (and in turbulence) depends on how the normal
velocity (v) can be regenerated. This does not occur for linearly
developing infinitely elongated structures (o = 0) since then the
cross-stream velocity components (v and w), and thereby the
streamwise vorticity, decouple from the streamwise velocity com-
ponent and decay (Pearson and Abernathy [4]). In terms of the
v-n (n = normal vorticity) formulation the decoupling shows up in
the non-linear term in the v-equation which contains only decay-
ing cross-stream components (Gustavsson [5]). Still, streaks have
attracted considerable recent interest since several experimental
investigations (see e.g. Matsubara and Alfredsson [6]), indicate that
transition to turbulence in parallel shear flows is associated with
unstable streaks. The basic idea is that streaks generate a spanwise
modulation of the mean flow which changes the (exponential) sta-
bility properties of the flow. This model, originally developed for
Gortler instability by Nayfeh [7] and formulated in the v-7 frame
for channel flows by Waleffe [8], assumes a steady spanwise modu-
lation of the background flow, on which then (inviscid or viscous)
secondary instabilities can operate. This model has been studied
for boundary layers by e.g. Cossu and Brandt [9] and Andersson
et al. [10], in channel flow by Waleffe [8] and Reddy et al. [11].
The appearing instability is generally considered inflexional but re-
quires large streak amplitudes to operate (see e.g. Andersson et
al. [10]). Also, it has recently (Cossu and Brandt [12]) been shown
that streaks can, depending on the streak amplitude, both desta-
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bilize and dampen 2D Tollmien-Schlichting (TS) waves. The latter
possibility has been used in an interesting experimental study by
Fransson et al. [13], where TS wave growth is hindered by suitably
designed streaks generated by cylinder elements. The ambiguous
results that streaks may both destabilize and stabilize TS waves
suggest that further detailed work is required to clarify their role
in the transition process.

Streaks appear also in transition models and in Schmid and
Henningson [14], Chapter 9, an account is given for the various
scenarios, all based on streak instabilities. The transition model
that does not assume streaks at the outset is the oblique transi-
tion model of Schmid and Henningson [15]. In this model, a pair
of oblique waves (1,+£1) is made to interact non-linearly to gen-
erate, among other structures, a spanwise periodic perturbation
(0,2) which is then subject to transient growth. This is followed
by a streak instability provided the amplitude becomes sufficiently
large. Therefore, it relies on the same secondary instability as other
streak-based models. However, the oblique transition has a feature
which may be the key to its relative success and which will be
elaborated on in the discussion of the present paper.

Even in fully developed near-wall turbulence, streak instabilities
form an important part of the regeneration cycle as demonstrated
by Hamilton et al. [16], the details of which seem quite compli-
cated, however. As turbulence is not the subject of the present
paper, we refer to this article for details, and to the subsequent
work of Jimenez and Pinelli [17] and Schoppa and Hussain [18].

The above studies show the importance of streaks in the tran-
sition process but rely on already established streaks as a mean
flow modification for secondary instabilities. Thus, they do not ad-
dress the intrinsic non-linear properties of transient growth as seen
from an initial value approach. That is, how does the strong (linear)
transient growth develop non-linearities from the available initial
perturbations? This is conceptually different from the streak stabil-
ity studies where certain perturbations are allowed to develop on
a viscous time scale (to form streaks) whereas others are allowed
to develop inviscidly after the streaks have been established. This
secondary approach calls for a consistent time-scaling procedure
to distinguish between the different types of perturbations. (In
Chapman [19], an asymptotics-based time-scale analysis of tran-
sient growth has been developed.)

It is the main purpose of the present paper to investigate the
primary non-linear interactions of transient growth as revealed by
the non-linear terms in the governing equations in the v-n formu-
lation, seen from an initial-value perspective. Thus, it is assumed
that a (small) initial perturbation first develops according to the
linearized equations, and knowing that certain terms (involving 7)
grow in time, non-linear terms will eventually become important.
A full analysis of this process needs a Reynolds number scaling of
the amplitudes (cf. Chapman [19]) but this aspect is not considered
in the present work.

The analytical approach used is a continuous wave-interaction
formulation, since transient growth operates in a fairly broad wave
number range, and involves the use of Fourier transform tech-
niques where non-linearities appear as convolution integrals. In
the analysis section, the necessary mathematical background is
given, with the details explained in Appendix A. A new geometri-
cal interpretation of the convolution integrands is here introduced
by which the non-linear terms are first qualitatively assessed. Mo-
tivated by the theoretical observations, a numerical study is then
made of the non-linear self-modulation of the normal vorticity for
streamwise elongated (o = 0) structures in plane Poiseuille flow.
For this case, analytical solutions of the linear problem are used.

Since the v-n formulation breaks down when both the stream-
wise and the spanwise wave numbers equal zero (¢ = 8 = 0),
a separate study is made for this case, presented in Appendix B.
Intended to simplify the evaluation of the convolution integrals, it

is also shown in Appendix C how the values of the Fourier trans-
forms of v and 1 can be related to values in the first quadrant of
the Fourier plane.

Whereas the main focus of the paper is to show the possible
non-linear wave-interactions in the Fourier plane, the analytical re-
sults also allow some conclusions to be drawn about properties in
the wall-normal direction (y) of the non-linear terms.

The paper is concluded with a discussion of how the geomet-
rical model can be used to show how decaying Orr-Sommerfeld
(0-S) modes can interact with transiently growing n to produce
oblique waves with less damping than the ingredient O-S mode,
applicable to Blasius flow. Here, a theoretical motivation for the
oblique transition model of Schmid and Henningson [15] is also
given.

2. Analysis

The governing equations for the development of perturbations
in plane-parallel shear flows are conveniently written in the nor-
mal velocity/normal vorticity (v-n) formulation (see e.g. Schmid
and Henningson [14], p. 156)
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where the standard coordinate notation for this type of flows is
used i.e. with x in the mean flow direction, y in the shear direction
and z in the cross flow direction. R is the Reynolds number and
U = U(y) is the mean flow, with primes denoting y-derivatives.
The non-linear terms are given by
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using index notation for simplicity. Finally, to obtain the other ve-
locity components, continuity,
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and the definition of normal vorticity,

(6)

ou 0w ;
oz x| )
are used. Since the coordinates x and z are homogeneous in the
flows of interest, Fourier transformations are applied in these co-
ordinates, with transformation variables o and B, respectively.
Egs. (1) and (2) then become
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where, D =d/dy and k* = a? + 2.
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Fig. 1. Wave triad appearing in the convolution integrals.

Eqgs. (6) and (7) give

el +ipw =—DV (10a)
and
iBll — iaw =1. (10b)
From (10), &t and w are obtained in terms of v and 7) as
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Fourier transforming N, and N, gives
Ny = —k*S; — D(iaeSq +iBS3)
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and
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But the Fourier transform of a product can be written as the con-
volution of the product of the transforms so, e.g.
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where the simplified notation

=t@,p) and V'=v(a—-a,-p5) (16)
is introduced. The wave vectors involved are k = («, B), k' =
(o', B") and K’ = (o — ’, B — B’) which thus form a standard wave
triad (k=K +K”), illustrated in Fig. 1. When performing the con-
volution integrals, regions with large integrand amplitudes at both
Kk’ and k” should contribute most and adding the two vectors gives
a k-value with large non-linear response.

In the convolution integrands, &t and W are now substituted for
v and # according to (11) and (12), the details of which are given
in Appendix A. There, a key step is to introduce the angle x be-
tween k' and k” (counted positive going from k” to kK’). Sorting the
different terms in N, and N,, then yields (see also Davidsson [20])
the following integrands:
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The expressions (17)-(22) form the basis for assessing possible
non-linear interactions in plane-parallel shear flows. By expand-
ing the y-derivatives, further reductions are possible but the above
form is convenient enough for the purposes of the present paper.

A general observation is that the expressions consist of combi-
nations of: a constant, a trigonometric function of x, k%, and k'/k”.
Of these, the trig functions never exceed unity whereas k? and
k’'/k” may become large.

3. Interpretation of formulas (17)-(22)

The formulation with k/, k¥’ and x makes it possible to probe
the («, B) plane for potential non-linear interactions and an in-
spection of (17)-(22) will first be done to get an overall idea how
non-linear effects may originate. The strategy is to use properties
of the solution for the linear initial value problem and determine
what non-linear terms are induced, primarily due to the linear
growth of n, which is the dominant effect of transient growth.
Whereas the first results are mainly qualitative, a numerical exam-
ple is given in Section 4 how the formulas can be used for specific
calculations. In the discussion, the generation of oblique waves is
given some numerical background by considerations of the decay
properties of the least damped O-S mode in Blasius flow.

The results are concerned mainly with the behaviour in the
wave-number plane but a couple of interesting conclusions may
be made by considering also the y-dependency of the non-linear
terms.

3.1. Non-linearities in N, due to growth of

The motivating interest for this study is the non-linear ef-
fects of the transient growth mechanism which gives large growth
of the normal vorticity with optimum for streamwise elongated
structures. Since the forcing v-perturbation decays in the sub-
critical Reynolds number regime, the mechanism’s intrinsic ability
for non-linear regeneration of v is of particular interest. Therefore,
terms involving 7 in N, are first considered. These terms, repre-
sented by (18) and (19), are all weighted by the factor sin x (or
sin® x ) which means that if k' and k” are aligned there is no con-
tribution to the convolution integrals. Since large transient growth
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A|

Fig. 2. Wave number areas with transient growth of 7.

occurs for wave numbers in a narrow region around the B-axis,
denoted A in Fig. 2, we can expect weak non-linear effects on N,
by growing 7, only. This result confirms the early observation that
transiently growing infinitely elongated structures (o = 0) are not
able to non-linearly modify the normal velocity. Instead, largest
non-linear contributions are to be expected from cases where Kk’
and k” are orthogonal, but noting that sin(w /4) ~ 0.7, contribu-
tions may also be significant from a wider range of y. This is
equivalent to Chapman’s [19] conclusion that a strong coupling oc-
curs between streamwise and oblique modes.

Since regeneration of ¥ from only transiently growing 7 seems
weak it is necessary to consider other mechanisms that produce
growth in wave-number regions that can combine with region A
to produce a strong non-linear response. The other possible lin-
ear growth mechanism is exponential which operates at higher
Reynolds numbers than transient growth and applies to 7. Its area
of growth is centered around the «-axis and widens towards the
origin as the Reynolds number increases (region B in Fig. 3(c)).
The resulting wave number from the non-linear interaction corre-
sponds by necessity to an oblique wave as illustrated in Fig. 3(c).
Unless the velocity profile is inflexional, the exponential growth is
much weaker than transient growth (Corbett and Bottaro [2]) and
at sub-critical Reynolds numbers the point P will always end up in
a region with exponential decay of v-modes. However, the decay
may not be too large at sub-critical Reynolds numbers and in the
discussion we elaborate on this aspect in Blasius flow.

Finally, (19) suggests that also this term could contribute to N,
if k' and K” are orthogonal, as in Fig. 3(c). At kK, 8 =0 so tran-
sient growth of 7" is not possible and the value of 7" is essentially
decided by its initial value. The temporal behaviour of 7/ is then
given by the exponential decay rate of the vorticity modes which is
always larger than that of the least damped Orr-Sommerfeld mode.
In comparison with the V-7 interaction one can thus expect this
term to be negligible but a full assessment of its importance will
require more detailed (numerical) studies of the full wave number

extent of transient growth.
3.2. Non-linearities in N,, due to growth of 1)

For N,,, (20)-(22) show that sin x does not appear in some of
the V-7 terms (in (21)) which indicates that a non-linear mod-
ification of 7 is possible with k' and k” both in region A, giv-
ing a response at higher spanwise wave numbers, as indicated in
Fig. 3(a). In the extreme case of excitation only on the §-axis, this
non-linear process can be analyzed in more detail and a numeri-
cal example of its spanwise selectivity and temporal behaviour is
given in the next section.

3.3. ThecaseK' + K’ =0

To fully assess the growth in region A, it is necessary to ac-
count also for the case that kK’ is in A and k” in the image region
along the negative B-axis (A’ in Fig. 2). Then, the possibility of
k' + k” = 0 arises, shown in Fig. 3(b). In terms of k’, k” and ¥
this means that k¥ = k” and x = and evaluation of (17)-(22)
gives zero for all terms. At the point ¢« = 8 =0, the v-n formu-
lation thus breaks down and a separate analysis is required, con-
veniently based on the component equations. In Appendix B the
details of this analysis are given and involve basically integration
of the component equations in the x-z plane. For the v-component
this quantity is always zero, it diffuses for the w-component and
grows for the u component due to the growth of 7.

3.4. y-derivatives

Another feature of (17)-(22) is the prevalence of y-derivatives.
For inviscidly developing perturbations on an infinitely extended
constant shear flow, it has been shown [20] that especially the
highest derivatives, D39 and D27, may grow to considerable val-
ues. This is mainly due to the advective character of the inviscid
development since differentiating an expression like f(x—Ut) with
respect to y produces algebraic t-terms. Davidsson’s calculations

A
p ©
A
P
ATl TS .
K k,/ | B
o
k" = .

Fig. 3. Possible non-linear interactions due to transient growth of n: (a) v-» interaction in N,,, (b) K" + k” =0 (mean flow correction), (c) v-n interaction in N,.
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Fig. 4. Three possible configurations with k' and k” aligned on the B-axis such that k' + k" =K is fixed.

also show that the main non-linear interaction in the inviscid case
comes from the #-7 interaction which is consistent with the fact
that 7 in that approximation does not decay but attains a constant
value for large times (‘the permanent scar’).

A final deduction from the y-dependency comes from consid-
ering the y-symmetry of the non-linear terms, relevant for plane
Poiseuille flow. In the linear problem, the forcing v-perturbation
can be split into a symmetric and an anti-symmetric component
where the symmetric part generates anti-symmetric 7 (and vice-
versa). Noting that a y-derivative (D) changes the symmetry of
the differentiated quantity, inspection of (17)-(22) shows that the
terms in N, are always anti-symmetric, independent of the orig-
inal symmetries, whereas the terms in I(Jn are always symmetric.
However, this applies only if the initial perturbation is either sym-
metric or anti-symmetric. For a mixed perturbation, interaction
terms with the opposite symmetry will also be generated.

4. Numerical example: non-linear self-modulation of 7 for o = 0

The results presented so far should give an idea how Egs. (17)-
(22) can be used as a theoretical framework for assessing non-
linear interactions and a guideline for further analytical and nu-
merical studies. A detailed evaluation of their potential implies
numerical studies and we give an example in this section which
will elaborate on the gained insights. It concerns the non-linear
self modulation of 7 for infinitely elongated structures, with ap-
plication to plane Poiseuille flow. In the discussion, a model is
presented for the generation of oblique waves from the interac-
tion of transiently growing 1 and decaying Orr-Sommerfeld modes
with application to Blasius flow.

It was noticed in Section 3.2 that a non-linear feed-back due to
growth of 7 for infinitely elongated structures (o = 0) is possible
only in 7 itself (Eq. (21)) and we will show how this process op-
erates in a numerical example. The flow chosen is plane Poiseuille
flow for which analytical solutions are available for & =0, [5]. The
wave number geometry is basically that of Fig. 3(a), restricted to
the extreme case of excitation on the g-axis only and with values
defined also on the negative B-axis. With k' and k” aligned on the
B-axis, and such that k (=K + K”) is fixed, three different cases
need to be considered, shown in Fig. 4. With values also on the
negative B-axis, the two symmetry cases in z (cf. Appendix C for
details) for the initial data (index ) are considered:

(@) vo(=2) = vo(2).

In the Fourier plane, this corresponds to the conditions V(—k’)
= v(k') and 7f(—k') = —#j(k’). Integration of the first remaining

term in (21) along the B-axis (—oo, c0) then gives (k' is used as
integration variable)
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The second remaining term in (21), denoted N2, becomes
DV (k —k
12_21/MA(1 K
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v(lk —k vk +k
—k Ak dk'. 2
</{ k=K T ke |10 (25)
0

(b) vo(=2) = —vo(2).
This corresponds to V(—k') = —v(k’) and 7(—k’) = (k") and
the three terms of (23) add up to
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It is of some interest to note the similarities between the expres-
sions (24)-(27).

To evaluate the integrals in Ny; and Nq2, ¥ and 7} need to be
specified. If ¥ is split into a symmetric (s) and an anti-symmetric
(a) function of y, so that ¥ = V5 + V4, the induced # becomes
fla + 7fls. The products in (24)-(27) will then contain both sym-
metric and anti-symmetric parts but by considering values at the
centreline of the channel (y = 0), Ny; will contain the combina-
tion (Vs, 7j4) whereas Ny contains (Vg, 7s). In the example below,
we show results only for the (Vs, fjg)-case as this corresponds to
the largest transient growth. Thus, only N§; and NY; are consid-
ered.

v is related to the eigenfunctions (¢) of the Orr-Sommerfeld
equation by ¥ = 3" ¢p,e "%, but only the least damped eigenfunc-
tion is chosen in this study. The symmetric eigenfunction is; cf. [5]

sy coshky) (28)

¢s = S<COS vy= coshk

where y is solved (with an iterative technique) from the eigen-
value relation

y tany = —ktanhk (29)
and
) 2k?

> = (Y2 +k2)(1 +sin2y /27) (30)

S is a normalization constant chosen originally such that the initial
kinetic energy density of the eigenfunction is unity i.e.

1
1
f{|¢|2+k—2|D¢|2}dy=1. (31)
0

The corresponding induced 7 becomes
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where Y, =nw (n=1,2,...), on=y2 +k* and 6 = y? + k%

The normalization (31), however, gives a finite value of ¢ as
k — oo (S~ +/2(1+1/2k +---)) and does not produce converg-
ing convolution integrals. Therefore, the normalization in (31) was
modified to include a high wave-number cut-off so as to ensure
convergence. The function chosen was

Fel |2 e (33)
koV

where kg is the position of the inflexion point and the integral over
k is unity. (30) was thus modified to
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Fig. 5. Non-linear response in Ny; as a function of k and t/R. (a) N, vs. t/R; ko =1,
k=1,2,4; (b) N§; vs. t/R; ko=1,k=1,2,4; (c) N}; and N, vs. k for t/R =0.04;
ko =1.

To evaluate the integrals, the integrands were first tabulated at
typically 480 points, up to k' = 20. Six vorticity modes were used
in the summation which was found to represent the full numer-
ical solution to at least 4 significant digits. A standard numerical
quadrature technique was then used to evaluate the integrals.
First, the temporal development of Ni; and Nf, was calcu-
lated for k =1, 2 and 4, with kg = 1. These k-values were cho-
sen from Fig. 3b in [5] and represent values to the left, close to
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Fig. 6. Comparison between exact numerical solution of Nj; and two approxima-
tions: 1 vorticity mode and (linear) short time expansion.

the top, and to the right of the peak of the energy density of
the transiently induced normal vorticity. The results are shown in
Figs. 5(a) and 5(b). From the figures, it is noteworthy that the non-
linear terms peak at a much smaller time than the linear solution
(t/R~0.084), and that N§; may attain both positive and negative
values. The shorter time scale may be understood from the fact
that the convolution integrands consist of a product of a damped
0-S mode and vorticity which peaks and then decays. The product
must then get a maximum at a shorter time.

In Fig. 5(a), the peak amplitudes occur for t/R =~ 0.04 and for
this t/R-value N3; and NY; are plotted vs. k in Fig. 5(c). For N3
the maximum is seen to occur for k &~ 3, where the higher value is
to be expected from the general tendency of non-linear effects to
appear at a shorter length scale (ko = 1). The behaviour of NY; is
more complicated since it attains both positive and negative val-
ues. Thus, there is a certain k-value with no non-linear effect. The
precise value varies only slightly with t/R and is in the interval
k =1.74-1.62 for t/R = 0.01-0.1.

The character of the above results does not change with kg but
the maximum amplitudes and the k-values at the peaks increase
with kg. E.g. the peak in Fig. 5(c) for Nj; is shifted to k~5.5 at
ko =3.

The fact that the maximum non-linear response occurs at a
shorter time than the maximum in the linear problem, suggests
that the short time behaviour of (32), i.e. #j = —ipU'Vot ([14],
p. 105) could be used to capture the initial phase of N3;. The result
is shown in Fig. 6. At the peak value in Fig. 5(b), the linear ap-
proximation is seen to overestimate the exact value well over 50%
and reaches its maximum at a much later time. The temporal be-
haviour can be understood from the observation that when using
the short-time approximation for 7, the only damping in the con-
volution integrand comes from ¥ so the product gets a time-scale
given by V. In the figure, the result using just one vorticity mode
in the sum (32) is also shown. This approximation has a similar
temporal behaviour as the exact solution and a slightly lower am-
plitude.

5. Discussion

In the numerical example shown, the non-linear effects appear
at a much shorter time-scale than that for the linear development
of the induced vorticity. This result should be expected also for the
other non-linear term involving 7 and 7, i.e. (18). Since this term
should be the dominant for regeneration of v, the decay properties
of the participating ¥, and its relation to the transient growth of 7,
is of particular interest.

14 r
;1: e Level-1

1.2 +Llewel-2 |
% x Level:-3

Fig. 7. Level curves of «Rc; for the least damped Orr-Sommerfeld mode in a Blasius
boundary layer at Rsg« = 500. Decay rate lower at P than at B.

Given that the exponential growth rate of TS waves is rather
weak for non-inflexional velocity profiles above the critical Reyn-
olds number, it may correspondingly be expected that the decay
rate at subcritical Reynolds numbers is also small. This was inves-
tigated for the least damped Orr-Sommerfeld mode in Blasius flow
and the results are shown in Fig. 7. The figure shows level curves
in the (o, B) plane of @Rc; at R =500 (based on the displacement
thickness, §*). aRc; is a normalized growth rate the use of which
is motivated by the temporal amplitude evolution which is e“ci,
Using the temporal scaling of transient growth, t/R, this may also
be written as e*RGt/R From [1] it is known that the global op-
timal occurs for T =778 at Rg+ = 1000 (o = 0, B = 0.65). Then,
t/R = 0.778 and values of oRc; of —1, —2, —3 give at that time
amplitudes 46%, 21% and 9.7%, respectively, of the initial amplitude.
Thus, by the time the optimal is reached only wave numbers with
the smallest ovRc; values survive and can interact with the normal
vorticity at o = 0. However, it was also noted in [1] that there is a
substantial transient growth for times much smaller than the opti-
mal. E.g. the best optimal at t/R =0.1 (¢ =0.15, 8 =0.96) has an
energy amplification of 43% of the global. For this time, aRc; = —1,
—2, —3 give 91%, 82% and 74%, respectively, of the initial am-
plitude. Thus, a non-linear interaction between v and transiently
growing 1 may occur given the initial amplitudes are sufficient. A
particular feature of this interaction is due to the kidney-shape of
the damping curves, as shown in Fig. 7. With K’ at A (on the 8-
axis) and K” at B (on the «-axis) the resulting interaction occurs
at P where the decay rate is lower than at B.

The suggested interaction between 7 and v may in fact help
to explain the relative success of the oblique transition model of
Schmid and Henningson [15], where two oblique waves, (1, 1) and
(1, —1), are first made to non-linearly produce a (0, 2) component
which is then subject to (linear) transient growth. The non-linear
interaction would be possible if the initial (1, +1) components of
the normal velocity have sufficient amplitude left to interact with
the developing longitudinal structure (0, 2). For this mechanism to
be useful in a general transition model, however, it seems nec-
essary to invoke also the wave-propagation properties of the in-
teracting wave-numbers since transition must involve space-time
synchronization for energy to be transferred between the wave-
numbers. With wave-numbers travelling with the group velocity,
details of the dispersion properties of the interacting wave num-
bers will thus need further studies.
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Appendix A. Expressions for the non-linear terms in terms of v
and

For the different terms in Ny, according to (13
for v and 7} gives

] [o*lNee]

o~ A 16 .

1auv+1f3vw:gf/{ <</2 ’_k%/>
—00 —00

), substitution

!
+1ﬂ(’1</ﬁ DV + %ﬁ/)}”/da g’
1
=5 /f(—AlDﬁ’ +B17) -V da’ dp, (A1)

o?0? + B2W? + 20 puw
_ 202 = | 2.2 —
= Uu”+apuw+ g w T +apuw

1 . . N .
- E//i(Ale/—Bm’y(ozu”+/3w/)d(x/d/3’
=_E//(A1Dv’—3m/).(CDv’+an/)da/d5. (A2)

Thus, the expression for N, becomes

] A A oy /4 !
N, :_E(DZ +l<2)/ (=A1DV' + B}y - V" do’ dB

1 n n ~r ~
— ED/ (A1DV' — B1#) - (CDV" 4 B/ da’ dp’

1 <
- %kzD// V" da’ dp’. (A3)

Sorting the terms in the integrands so that terms with ¥ (and
derivatives) multiplying ¥, ¥ multiplying /7 and 7 multiplying 7,
denoting them V-V, V-7 and #j-7} terms, respectively, gives the

following terms (omitting the 1/2m factor and the integral signs):

U-0: A (D? +K*)(DV' - 9") — A;CD(DV' - DY) —k*D (¥ - 9");

(A4)

U-f: —B1(D? +Kk*) (" - ') — A1B2D(DV' - /")
+ B1CD(DV" - 7'); (A.5)
fi-f: B1B2D(7 - 7). (A.6)

Similarly, for N,, according to (14) we obtain

N 1 5// A// Ol// A1 / /

N,,=——27Tﬁ//(31DV + M) (,MDV wzh )d“ ap
1 e (& B

—Ea//(BlDV +A]T))'(k”2DV —,/—/2 )dot dﬂ

1 N .
+ ED/ (B1DV + A7) -v'da’ dp’. (A7)

Sorting, as above, we obtain

9-9: —B1CDYV' - DV" + B1D(DV - V"), (A.8)
U-fi: —B1B,DV - " — AyCDY" - ' + AL D" - ), (A.9)
fi-fi: —A1B2A - 7. (A10)

In these expressions are introduced the weight factors

B A k

Fig. Al. Geometry for determining interaction factors in convolution integrals.

! /
A= ““lfzﬁﬁ , (Alla)
<
af —o
0[0(’ + /
Ay = Wﬂﬁ (Allc)
ap —ao'B
By=——— (A11d)
and
k2
C=rm— A (Alle)
In addition,
K'2=(a—a)+(B—p)% (A12)

These formulas resemble those for periodic perturbations (discrete
wave numbers) as presented by Chapman [19].

A.1. Geometric interpretation of the weight factors

Here it is shown how the coefficients in (A.4)-(A.6) and (A.8)-
(A.10) can be given simple geometric expressions which helps to
evaluate their role in the convolution integration procedure. The
strategy is to express them only in k’, k” and x, the angle between
the vectors k' and K”. First we consider the elementary factors
(A11a)-(A.11d) and use Fig. A1 for definitions.

The following relations hold for the wave numbers:

o =k-coso, o' =k -cost’,

B=k-siné, B =K -sin6’ (A132)
oo’ + BB =kk' -cos(8’ —0),

= { apf —a’'B=kk -sin@® —0). (A13b)
Fig. A1 gives
k" cos x +k =kcos(@' —6)

= kk' cos(0’ — 6) =k'k" cos x +k'?. (A14)
The cosine theorem:
kK2 =k'? + k"2 + 2K'k" cos (A.15)
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where x is the angle between k” and K/, counted positive from k”
to K.

For some of the terms (e.g. B1) it is helpful to use the height h
as an intermediary in the analysis since h/k” = sin x. Using these
expressions the following results are obtained:

oo’ + BB kk' cos(8' —0) k"’

A= 2 = 2 =1+ v cos X, (A.16)
ao’ + BB kk'cos(@’ —0) k' k"

Ay = o2 = 2 =2 1+ v cosx |, (A17)
af’ —a’'B  kk'sin@’—0) h h k" k' .

By = 7 - 2 AT siny, (A.18)
af’ —a’'B  kk'sin(@’ —0) hk k' .

By = k"2 = k2 = W = W siny, (A19)
k? 14

:kTZ_Azz.--zlﬁL?cosx, (A.20)
k" 4
AiC=...= 1+k—,C05X 1+7cosx , (A.21)
. K
A1BZ=---=smx<7+cosx>, (A.22)
. k//
BiC=-.--=siny 7+cosx , (A.23)
B1By=---=sin® x. (A.24)

Appendix B. The case of x = =0

The treatment of this case is based on the fact that the Fourier
transform, defined as f(a, B) = o= [0, [ e @2 f(x, z) dxdz,

becomes f(0,0) = o [0 [5o, f(x,2)dxdz = f, where the over-
bar notation is introduced for simplicity. Thus, the (0,0) compo-
nent in the Fourier plane corresponds to the integration of the
physical quantity in the x-z plane. If this is applied to continu-
ity and the governing equations, assuming that the perturbation is
limited in extent with amplitudes decaying sufficiently fast at in-
finity for the x-z integrals to exist, (6) first produces

DV =0. (B1)

Applying the boundary condition on a solid wall then gives v =0
throughout the flow and Eq. (8) collapses. Even if Eq. (9) still can
be solved, the alternative is to return to the component equations
for the physical quantities and integrate in the x-z plane. Then, all
x and z derivatives vanish and left are the following equations:

1

ii; + D(iv) = EDZE, (B.2a)

D(Vv)=-Dp, (B.2b)
1

We + D(Wv) = EDZV‘V. (B.2¢)

Using the definitions for the inverse Fourier transform and the fact
that [ el**dx =27 8(ew) then gives

IS T .
uv:ﬂ//u(a,ﬂ)w (. p)dadp (B3)

where (C.1b) has been used. Similarly, for vw one obtains

YW= %// w(a, B) - V* (o, B) da dp. (B.4)

The resulting equations (B.2a) and (B.2c) then obtain the integral
form of Eqgs. (5.39) and (5.40) in Schmid and Henningson [14], ex-
cept for the complex conjugate. For the initial, linear development
of a perturbation, (B.3) and (B.4) can be rewritten, first using (11)
and (12) to substitute i and w and then the symmetry properties

(C1) and (C.2) to reduce the («, 8) integration to the first quad-
rant. Then,

1 OOOO_ .
LW:;//:%(DO-f/*—D\?*vf/)—i-f(\?-ﬁ*—\?*-ﬁ) dordp
0 0

(B.5)

vw =0. (B.6)

These expressions apply as long as v and 7 follow a linear devel-
opment. The iB-term in (B.5) assures that the growth of # along
the B-axis is effectively integrated to a uv contribution. This term
may be expressed analytically on the B-axis. Finally, the result
(B.6) together with (B.2c), shows that w simply diffuses from its
initial value and will need non-linear interactions to grow.

Appendix C. Symmetry properties of ¥ and 7 in the («, 8) plane

When performing actual calculations of the convolution in-
tegrals in the early (linear) stage of the perturbation develop-
ment, it may be helpful to use the symmetry properties in the
(o, B) plane for linearly evolving v and #, to reduce the integra-
tions to the first quadrant. These relations are derived from (8),
(9) and the definition of the Fourier transform. From the def-
inition, V(ar, B) = 5= [ [To €7@ Py (x, 2) dxdz, follows that
V(—a,—B) = V*(a, B) and 7(—a, —B) = n*(«, B), where * de-
notes complex conjugate. The complex conjugate of (8) shows that
V*(—a, B) satisfies the same equation as v (c, 8) and, provided
the initial data are the same, equality holds. Again, using the defi-
nition of the Fourier transform, it follows that the plus-sign applies
if the initial v satisfies vo(x, —z) = vo(x, z) and the minus-sign if
vo(x, —2) = —vo(x, z). With V(a, —B) = V*(—a, B) it thus follows
that

\A/(_aﬁ_ﬂ):‘?*(a? :3)1 (C.lb)

For 7} the corresponding relations are obtained by noting that
—1f(a, —pB) satisfies the same equation as 7j(«, B) if the plus sign
is used in (C.1¢) (only V-induced # is considered).

Thus,
ﬁ(_av ﬂ):ZFﬁ*(a,ﬁ), (C.Za)
ﬁ(_av_ﬁ):ﬁ*(avﬂ)v (C.Zb)
e, —B) = Fi(a, B). (C.2¢)
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